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We present a new approach to super-resolution optical imaging, based on structured illumination
in hyperbolic media. The proposed system allows for planar geometry, has unlimited field of view,
and is robust with respect to optical noise and material losses.
INTRODUCTION
Fueled primarily by the promise [1] of optical imag-
ing beyond the diffraction limit, metamaterials, [2] ar-
tificial composites with the unit cell size well below the
optical wavelength, now for more than a decade remain
one of the primary foci of modern research. However,
while metamaterial devices, from the originally promised
superlens [1] based on the negative index media, to its
younger challenger the hyperlens [3, 4] that uses hyper-
bolic metamaterials, have been demonstrated in exper-
iment [5, 6] in broad range of frequencies and even ex-
tended to other wave phenomena such as e.g. ultrasound
imaging, [7] they have yet to find their way to broad
acceptance in real-world applications.
The inherent curvature of the metamaterial device that
is necessary for optical magnification (either in the gen-
eral formfactor of the device [3, 4, 8] or in its unit
cell topology [9]), leading to the requirement on pre-
cise positioning of the object at subwavelength scale, re-
mains a major practical obstacle to a wider acceptance
of metamaterials-based imaging systems. More impor-
tant, however, is the result of substantial loss in meta-
material structures, that is generally a direct and in-
evitable consequence of using metallic (or other negative
permittivity) components that remain necessary for ei-
ther the negative-index metamaterials or hyperbolic me-
dia. Faced with an order of magnitude intensity loss [5]
as the cost of producing a magnified optical image of
a subwavelength pattern, one must either accept a pro-
hibitive cost in the signal-to-noise ratio, or substantially
increase the intensity of the field that illuminates the
target. The latter option however does not fit well with
the constraints of biomedical imaging, where high optical
fields may severely damage biological tissue.
While directly related to the fundamental restrictions
on optical metamaterials [10] via the Kramers-Kronig
relations, this problem however allows a natural and
straightforward solution: the metamaterial component
of a super-resolution imaging setup must be located “in
front”, rather that “after”, the object – so that it’s
probed by the already attenuated field, thus avoiding
damage. This is precisely the case in the structured illu-
mination [11] approach to optical imaging, where a grid
pattern, usually generated through the interference of in-
cident light, is superimposed on the specimen.[11, 12]
The imaging resolution is then determined by the pe-
riodicity of the illuminating field, and for illumination
from free space this limit reduces to one quarter of the
wavelength, ∆ = λ0/4. However, as we demonstrate in
the present paper, hyperbolic metamaterials that are free
from the conventional diffraction limit and can support
optical patterns with the periodicity that is orders of
magnitude below the free-space wavelength λ0, can dra-
matically improve the imaging resolution in structured
illumination. The resulting hyper-structured illumination
approach to super-resolution imaging is the main objec-
tive of this work.
STRUCTURED ILLUMINATION IN
HYPERBOLIC MEDIA
In a conventional transparent medium with the refrac-
tive index n, the frequency ω generally limits the magni-
tude of the wavenumber k to the value of nω/c. However,
the situation is dramatically different in the world of hy-
perbolic metamaterials, [3] where the opposite signs of
the dielectric permittivity components in two orthogonal
directions (τ n < 0 – see the inset in Fig. 1(a)) lead to
a hyperbolic dispersion of p-polarized propagating waves
k2τ
n
+
k2n
τ
=
ω2
c2
, (1)
with the wave numbers unlimited by the frequency. For
k  ω/c, the hyperbolic iso-frequency surface of (1)
asymptotically approaches a cone, with kn '
√
τ
n
kτ .
As the direction of the group velocity vg corresponding
to a given wavevector k coincides with the normal to the
iso-frequency surface, at large wavenumbers in a uniaxial
hyperbolic medium the angle between the group velocity
and the material symmetry axis zˆ ≡ nˆ (see the inset to
Fig. 1(a)) approaches the value of θc = arctan
√
τ/n.
As a result, for a point source placed at the edge of such
medium, the emission intensity diagram forms a conical
pattern (see Fig. 1 (b)-(d), calculated for a practical re-
alization of hyperbolic media using silver-glass layered
metamaterial), with the “thickness” of the expanding
conical “sheet” of electromagnetic radiation well below
the free-space wavelength. This phenomenon is now well-
established, and has recently been successfully used for
subwavelength optical lithography. [13]
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2As strong material dispersion is inherent to hyperbolic
materials, a change in the frequency ω will result in a sub-
stantial variation of the emission cone angle θc, as illus-
trated in Fig. 1(a) for three different wavelengths. While
generally considered detrimental to metamaterial appli-
cations (since this would immediately push the system
away from whatever resonant condition is was designed
for), it is precisely this property that is essential to the
concept of the hyper-structured illumination. While a
single source (or an opening) at the bottom of the hy-
perbolic “substrate” only illuminates a small part of the
object plane at its “top”, a change in the electromagnetic
frequency would allow to sweep the entire object plane
(see Fig. 1 (b) - (d)). As a result, a complete subwave-
length image can be obtained in a single hyper-spectral
measurement.
This behavior is further illustrated in Fig. 2, which
shows the object formed by four silicon nanowires on top
of the silver-glass metamaterial (10 silver and 11 glass
layers, each 5 nm thick – see Fig. 2 (a)), illuminated
at the wavelengths of 425 nm (panel (b)) and 575 nm
(panel (c)). Note the subwavelength localization of the
electromagnentic field near the object, and a dramatic
difference in the intensity distribution for different wave-
lengths that allows to clearly “resolve” distinct elements
of the target despite their close spacing.
A finite size of the unit cell of the metamaterfial, a,
introduces an upper limit on the (Bloch) wavenumber
kn ≡ kz, equal to kmaxn = pi/a, as well as quantitative
corrections to the dispersion ω (k) and to the geometry
of the iso-frequency surface, leading to its deviations from
the hyperbolic shape. However, the overall topology of
the iso-frequency surface, together with its dependence
on the wavelength, are generally preserved – see Fig. 1
(a). As a result, one will still observe the general profile of
the conical illumination pattern, as well as its evolution
with the wavelength that are consistent with the predic-
tions of the effective medium theory, as clearly seen in
Fig. 1 (b)-(d). However, as the size of the unit cell lim-
its the maximum wavenumber that can be supported by
the propagating waves in the hyperbolic metamaterial,
it defines the ultimate resolution limit ∆ of the hyper-
structured illumination:
∆ ' a (2)
With the scale of the unit cell in high-quality hyperbolic
metamaterials that have already been demonstrated, on
the order of a few nanometers, [14] Eqn. (2) allows for
optical imaging of deeply subwavelength objects, to the
point of resolving large individual molecules.
FIG. 1: Panel (a): iso-frequency curves in a silver-glass hyper-
bolic metamaterial, for three different free-space wavelengths
λ0 : 425 nm (blue curves), 550 nm (green) and 750 nm (red).
Solid curves are obtained from the exact calculation taking
into account the finite width and the actual material loss of
each layer (a = 5 nm), while the dashed lines correspond
to the effective medium approximation (see Eqn. (1)). The
arrows normal to the iso-frequency curves, indicate the direc-
tions of the group velocity. The inset shows the schematics of
the silver-glass hyperbolic metamaterial, and introduces the
coordinate system. Panels (b)-(d) : the magnetic field in-
tensity for light of different wavelengths (λ0 = 425 nm (b),
550 nm (c) and 750 nm (d)), incident from z < 0 half-space
onto the hyperbolic metamaterial formed on top of a thick
silver film with a narrow slit centered at x = 0. The slit is
parallel to the y-axis and is 5 nm wide in the x-direction. Note
the conical emission pattern typical for any point source in a
hyperbolic medium, and strong sensitivity of its directionality
to the wavelength.
3FIG. 2: Hyper-structured illumination, with silver-glass hy-
perbolic metamaterial substrate. Panel (a) shows the geom-
etry of the imaging system, with dark and light-gray regions
corresponding to silver and glass layers (each 5 nm thick) re-
spectively. Depending on the illumination wavelength, light
incident from the slit at the bottom of the metamaterial, illu-
minates different areas of the target – see panels (b) and (c),
with a sub-diffraction resolution. The imaging target consists
of four long silicon nanowires with rectangular cross-section of
20 nm× 10 nm, aligned along the y-direction. The false-color
representation shows the magnitude of the magnetic field, cal-
culated taking full account of the material absorption in the
system.
DEPTH OF FIELD IN HYPER-STRUCTURED
ILLUMINATION AND THE MOTTI
PROJECTION
While a hyperbolic metamaterial supports propagat-
ing electromagnetic waves with the characteristic length
scale up to its unit cell size, these waves will evanes-
cently decay outsize this medium. As a result, the imag-
ing resolution of the proposed hyper-structured illumi-
nation setup will rapidly deteriorate with ∆z (see Fig.
2(a)), approaching the diffraction-limited value of λ0/4
for ∆z  λ0. For a 3D object structured at a deeply
subwavelength scale, the proposed imaging system based
on hyper-structures illumination, will resolve the Motti
projection [15] ∆M  (x, y) of its tree-dimensional permit-
tivity distribution  (r):
∆M  (x, y) =
∫
d3r′ · (z′/2pi) · ( (r′)− 1)(
(x− x′)2 + (y − y′)2 + z′2
)3/2 .(3)
Note that the integral transformation in Eqn. (3) is in-
dependent of the illumination wavelength, and does not
introduce an additional length scale: the effective aver-
aging in (3) is defined by the distance z′ to the object
plane. As a result, Eqn. (3) reduces the resulting reso-
lution ∆ to the corresponding depth of fields ∆z. This
is illustrated in Fig. 3, which shows the Motti projection
(panel (b)) for several solid spheres near the object plane
∆z = 0.
FIG. 3: A group of five identical solid spheres positioned near
the object plane (panel (a)) and their Motti projection (panel
(b)), shown in gray scale. Note the reduced contribution to
∆M  (x, y) at longer separation from the object plane ∆z = 0.
THEORETICAL FRAMEWORK
When illuminated from the slits at the “bottom” of the
hyperbolic substrate (see Fig. 2(a)), an object with the
dielectric permittivity  (r) placed near the image plane
∆z = 0, will induce scattered light with the far-field am-
plitudes for the s and p polarizations
Es (k;ω) =
4pi2ω2
c2knkτ
{(pk · [nˆ× k])
+ rs (k
′) (pk′ · [nˆ× k′])} , (4)
4Ep (k;ω) =
4pi2ω
cknkτ
{([pk × k] · [nˆ× k])
− rp (k′) ([pk′ × k′] · [nˆ× k′])} , (5)
where kτ and kn correspond to the tangential and normal
to the surface of the hyperbolic substrate components of
the far-field wavevector k ≡ (kτ ,kn), nˆ is the normal
to the surface unitary vector, rs and rp are the reflec-
tion coefficients at the air-substrate interface for the s-
and p-polarizations, k′ ≡ (kτ ,−kn), and pk is the spa-
tial Fourier transform of the polarization of the object,
p (r) ≡ (1/4pi) ( (r)− 1)Ei (r, ω), when it is illuminated
by the incident field Ei (r, ω). For an object placed close
to the image plane and with the vertical dimension well
below the free-space wavelength (∆z  λ0), the polariza-
tion of the object pk can be related to the spatial Fourier
transform ∆M  (q) of its Motti projection (3) :
pk =
1
8pi2
∫
d2q Ei (k+ q;ω) ∆M  (q) . (6)
Given the hyper-spectral measurement of the far field
E (k, ω), the system of coupled linear equations (4),(5)
can be used to calculate ∆M . In particular, when the
hyper-structured illumination pattern Ei (x, y) at the im-
age plane ∆z = 0 originates from a periodic array of the
slits at the bottom of the substrate, separated by the
distances of dx and dy in the x and y directions,
Ei (x, y;ω) =
∞∑
mx,my=−∞
E0 (x−mxdx, y −mydy;ω) , (7)
then each spatial Fourier component of the object profile
∆ (q) is only coupled to a discrete set of other spatial
components, that are different by an integer multiple of
the reciprocal lattice vectors 2pi/dx xˆ and 2pi/dy yˆ:
∞∑
nx,ny=−∞
G(s,p)nx,ny (k;ω) δnx,ny =
2cknkτ
ω
E(s,p) (k;ω) (8)
where
δnx,ny ≡ ∆M  (kτ + xˆ 2pi nx/dx + yˆ 2piny/dy) , (9)
and
G(s)nx,ny (k;ω) = (1 + rs)
(
[nˆ× k] · enx,ny (ω)
)
,
G(p)nx,ny (k;ω) =
c
ω
[nˆ× k] · [enx,ny (ω)× (k− rp k′)] ,
with
enx,ny (ω) ≡
1
dxdy
∫
d2r E0 (r;ω) e
2pii(xnx/dx+yny/dy).
Given the desired resolution ∆, this implies a summa-
tion by nmax ∼ d/∆ terms in either direction. Even
with ∆ ∼ 10 nm and diffraction-limited slit-to-slit spac-
ing d ∼ λ0/2, we find nmax ∼ 10 – thus reducing the
numerical complexity of solving Eqn. (8) to that of in-
verting a 100 x 100 matrix. On a modern CPU, such com-
putational task can be completed within a 0.1 ms time
frame. Thus, despite the need for data post-processing
that is inherent to structured illumination methods, the
proposed approach can be successfully used for real-time
imaging of the dynamical processes at sub-ms time scales.
HYPER-STRUCTURED ILLUMINATION IN A
NOISY ENVIRONMENT
The linear inversion procedure of the previous section
is robust to the presence of the noise and material ab-
sorption – which is illustrated in Fig. 4, where panels (a)
and (b) present the gray-scale images of the original ob-
ject and its image obtained in a noisy environment. For a
quantitative comparison, panel (c) shows the dimensions
of the original object (left scale) and the recovered Motti
projection (right scale). Note that the 30 nm separation,
which is less than 1/10 of the shortest illumination wave-
length, is clearly resolved – despite a substantial amount
of noise in the system.
FIG. 4: Super-resolution imaging with hyper-structured il-
lumination. Panel (a) : the “top view” of the object (four
identical silicon nanowires with 10 x 5 nm cross-section) on
the silver-glass hyperbolic substrate (see Fig. 2(a)). Panel (b)
: the reconstructed image, in gray-scale. The calculation in-
cludes the effects of the actual material loss in the silver-glass
hyperbolic substrate. Panel (c): the object profile (red) and
the (normalized to the silicon permittivity Si) reconstructed
Motti projection ∆M /(Si − 1) (blue).
5DISCUSSON AND CONCLUSIONS
The hyper-structures illumination approach intro-
duced in the present paper, combines deeply subwave-
length resolution with the relative simplicity of planar ge-
ometry that would facilitate surface functionalization for
cell targeting and imaging, essential for biomedical appli-
cations. Compared to the existing super-resolving exten-
sions of structured illumination, such as the plasmonic
structured illumination [16], the proposed approach is
not limited to particular resonant wavelength (such as
e.g. the surface plasmon wavelength), and is not sensi-
tive to the material absorption.
In terms of the actual fabrication of the required meta-
material substrate, it’s well within the limits of already
demonstrated capabilities, [14] and experimental demon-
stration of the proposed imaging method will be straight-
forward.
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